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OPTIMIZATION OF THE O.SRH!3IC PART OF THE ASCENDING 
TRAJECTORY TO AN ORBIT 

PART ONE - ELL1 ENTAT I ON CASE 

i 
ABSTRACT, For today's high thrust rockets (necessary for 
orbiting) the minimum expense of propellant is obtained by 
the use of minimum characterqstic velocity solutions. When 
impulses are allowed, optimal ascents are always impulsional 
only. The "two-impulse asce ding trajectory" with an imme- 
diate impulse and another impulse at the apogee of the final 
orbit, is generally the optihal solution. We use the usual 
notations (Chapter 1,2 and figure l ) ,  subscripts 1 are re- 
ferring to the fictitious ladnching orbit starting at the 
practical limit of the atmosphere (about 50 km altitude) sub- 
scripts 2 are referr orbit. 

'7 
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I NTRODUCTI ON 

The ascent into orbit is an essen 

The problem of optimal ascent int 

e of any space mission 

des two very different 
parts : 

1. Optimization of crossing the 
2. Optimization of the non-atmos e of the putting into orbit. 

The first problem, by far the most difficult of the two, has been taken . [;I; it is clearly closely linked 
i m w  solutions vary a great deal de- 

under study by many writers (example: 
with aerodynamics and from this fact th 
pending on the vehicles contemplated. 
limiting laws have been exhibited plainly. 

Nevertheless, some general laws and some 

The second problem, which is the dne taken under study here, leads to 
entical solutions for all high-thrust 'vehicles. 
, as always, the expenditure of propellant leading to' minimum characteristic 
locity solutions. 

The study leads to two o r  three-impulse solutions, feasible in practice, 

This problem has formed the subjekt of numerical studies [2 ]  and also of 

The characteristic optimized 

I 

th low loss,  by means of thrust trajectories of short duration. 

1 
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leads generally to "atmospheric exit" 
horizontal. This is not, howev the case, e.g., when only western 
launching azimuths are availabl 
thing particular will be assum ospheric exit" velocity,jcon- 
dered as the initial velocity 

cities slightly inclined to the 

:of concern for the general aspect, 
1 

examined. 

. 1  D - 
Upon exiting from the atmosphere (either at least from its aerodynami- 

ally important 40 to 70 km f o r  ordinary 

velocity vl" 

. % .  

3 now can it be 
used to reach final elliptical 

orbit with semi 

Of course, the fact that the otates, as well as its atmosphere, 
nt into orbit. We shall also 

'the "exit from the atmosphere". 

On the other hand, the gravitational potential of the earth will be 
assimilated to that of a uniform sphere 'with the same center and mass and we 
shall also disregard the effect of external celestial bodies. 

In the case of vehicles for which thrust corresponds to the use 
,e j ection veloc 
elocity, etc... nditure for propellent still 

orresponds to the use of haracteristic velocity solutions, since the 
ocket is used according 
uccession of maximum thrust trajectoriqs separated by ballistic trajectories. 

ts and rockets with non-variable 

11 o r  !nothing" method, i.e., according to a 

We shall therefore investigate the optimum ascents into orbit from the 
int of view of the minimum characterigtic velocity. We shall first of all 
sume that we can, if necessary, produ6e instantaneous impulses, then we shall 
ovide an order of magnitude for the loss (generally slight) in the case where 
he maximum thrust is limited. i 

We shall leave aside the rockets &or which the maximum thrust does not 
! correspond to the utilization of maxi 

clear electric rockets, etc ...) for t rockets generally provide a weak 
thrust, unusable for an ascent into o 

jection velocity (limited power nu- 

- I " ^  
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orbit, a launch 
jor axis ai and eccentricity el. Its apogee is ou 

esponding to velocity V,, is defin- 

s fictitious perigee is in 

orbit aimed for is s semimajor axis a2 an 

3 

We shall utilize the customary symbols and reserve the non-indexed letter 
r the orbit depending on whether it "realT1, Itosculatorytf or "instantaneous 

a = semimajor axis; 
1 

p = a (1--e2) = parameted- 1' 

e = eccentricity; I 

I 

b = a  = semiminoq axis; 

i 
V = true abnormaltiy; 

I n = mean movement; 

1-1 = n2 a3 = gravita 
(= 398,580 km3/se 

-t 
P = radius vector 

V = velocity vector 

H = nab = I & "  $ 1  = kinet 

3 

C = characteristic velocity = sum of a l l  artifical 

velocity changes = s," IT1 dt-+ Z 
t 3 

designating the accelerations of thrust and AV the 
impulses). 

P = distance from the perigee = a(1--e); 

A = distance from the ap ee = a(1 +%);  

CP = angle of V and of th local horizontal plane 
-+ 

tgQ = 

of flatmospheric exit". 
( 

@,.= initial value of @ 

3 
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R =  
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.^"  
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1. 

... 
I I * .  

L =  

I 

K =  

1.3 Results. 

-f 

T =  

radius of the  atmospgere; 
(= 6,370 km + 40 t o  40 km i n  the  case of Earth). 

4% 
'2 

= escape ve loc i ty  a t  t h e  leve l  of "atmosphe+.c 

case of the Earth). I 
exit",  (= 11. &a@ 

1 1 
= veloci ty  off c i r cu la r  s a t e l l i z a t i o n  a t  the  

L 

l eve l  of "atmospheric exit". 
(from Kreis = circle,{ i n  German) I 

= 7.87/ I / sec i n  the  case of  Earth).  t 
L 

- .  

veloci ty  vector of giound surface a t  launching point 
1 
I 

t a t i on ,  T = 465 m / s  x 
n the  case of the Earth). 

1 

1 

i 

(The proofs are set. fo r th  i n  Chapter 1 .7) .  

In the  impulse cases, the  optimum ascents ar 

A. 

f Seven different  types: 

Case where atmospheric brakingis a re  not used. 
t 

I 

I .  The Hohmann Transfer (Fig. 2 ) .  

This case i s  only found when > A,. 
L 

A f irst  impulse, tangent ia l  and aqcelerat ive,  a t  A,, makes t r ans i t i on  t o  
an intermediate e l l i p s e  with perigee P, ;; a second impulse, tangent ia l  and 
raking, a t  P, makes t r ans i t i on  t o  f i n a i  o rb i t .  

! 
The cha rac t e r i s t i c  ve loc i ty  of t h j s  t ransfer  i s :  

11. The Ascent ''Through Inf in i ty"  :(Fig. 3 ) .  

A f i rs t  immediate tangent ia l  {mpulse carries the value of the  ve loc i t  
Vita L (parabolic veloci ty) ;  a t  a grdat  distance,  a t  A, a negl igible  impulse 

i 

lows redescent on the  parabola o r  e 
ngent ia l  braking makes the  t r a n s i t i  

t ed  e l l i p s e  Ap2 ; f i n a l l y ,  a t  P, , a 
the f i n a l  o rb i t .  

I 
! 

4 
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Symbols 

Launching 

L Atmosphere 
9 

F 
Fig. 1. OA = OP = a 

P 
If e cos o 

-+ -+ 
OB = 6 ;  FP = P; FA = A; FhI r ;  r = 

Fig. 2. Hohmann t rans fe r .  

2 ;) 

I 

i 

I 
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ascent is  : 

Prac t ica l  viewpoint: 

I t  i s  c l ea r ly  not possible t o  re- 
move A t o  in f in i ty ;  with fixed t imei  

' of t r ans fe r  o r  with fixed A dis tanc 
the  optimum i s  produced fo r  a l l  
p rac t i ca l  purposes when the two in-  
termediate e l l i p ses  are coplanar 
and have A as apogee. The loss  with 

he optimum i s  then (for  

F i g .  3 .  Ascent "Through l n f i n i  ty" 

(C;C i s  pos i t ive  only i f  P, > R (1 + 2 cos 
f o r  ascents Yhrough in f in i ty" ) ,  

howing a first optimum condition 

. RI, For A = 60 R (distance from the  moon). 2A = 93 m/i, therefore 6 

Comment: 

order of several  tens of m / s .  

it i s  possible t o  change the  plane of f i n a l  o r b i t  f o r  only a 
s l i g h t l y  higher cost  by using a t  A an impulse not located i n  the  i n i t i a l  plane. 

111. The "Two-Impulse Ascent" (Fig. 4 ) .  - /6 

This case i s  only ne t  i f  A, < 

The f i rs t  impulse i s  an immed 
V, = @G i n to  V = a, point 3 being de te  

impulse. I t  transforms the veloci ty  
ed i n  the  following manner: 

1. The e l l i p s e  with center 0 t h  major horizontal  axis  MM' (with 

OM = ), with minor v e r t i c a l  axis NN' (with ON = 

i s  the hodograph of ve loc i t i e s  a t  0 leading t o  an apogee a t  t he  distance from 
A,. The foc i  of t h i s  e l l i p s e  a re  F, an 

6 
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2.  L e t  F, be the  focus far- 

thes t  removed from G .  Point J 
i s  on the  above hodographic 
e l l i p s e  and on the s t r%ght  l i n e  
F,G (G being between F, 

+ 
The veloci ty  V = 

i n to  an apogee A, where a second! 
impulse (tangential  and accele- 
ra t ing)  makes t r ans i t i on  t o  the 
f i n a l  o rb i t .  

The cha rac t e r i s t i c  veloci ty  of  
the  "two-impulse ascent" is : 

2 PA2 F i g .  4. T h e  "Two-Impulse" Ascent. cy = dR (A, + R) \JP 'li - I FaG I. 

B.  In the  case where a t m  can be u t i l i z e d  a t  l i t t l e  
o s t ,  four  new types of optimum 

I V .  The "Ascent Through t 

This case is  only m e t  i f  A, > A,. A t  A,, a tangent ia l  and accelerat-* 
ing impulse makes t r ans i t i on  t o  the  grazing o r b i t  

impulse makes t r ans i t i on  t o  the f i n a l  o r b i t .  

P. A t  P an atmospheric 
raking leads t o  o r b i t  PA,. Finally,  a t  A, a last angential  and accelerating 

The cha rac t e r i s t i c  veloci ty  of t h i s  so lu t ion  is:  

V. The Ascent Through In- 
f i n i t y ,  Then the  Atmospheref1 
(Fig. 6 ) .  

I t  i s  enough t o  say t h a t  
t h i s  solut ion starts as an ascent 
"through in f in i ty"  and ends as 
an ascent "through the  atmosphere", 
with therefore  and immediate 
tangent ia l  impulse with cost  
(L-Vi), a very weak impulse a t  A 
an atmospheric braking at P and 
a tangent ia l  and accelerating 
impulse a t  A,. 

. .. 

Fig .  5. Ascent "Through t h e  Atmosphere". 

7 



F i g .  6 .  Ascent "Through Inf in i ty  and 
t h e n  t h e  Atmosphere". 

- -  - . ---_ 
The ckrac te i i i t i c  veloci ty  of 

t h i s  solut ion is: 

The loss owing t o  no movement 
apar t  from point A t o  i n f i n i t y  
i s  : 

f o r  A major ( i t  i s  therefore  
necessary f o r  @, t o  be greater  
than 60° f o r  t h i s  t r ans fe r  t o  be 
optimum. ) 

- / 7  V I  and VIII. 

In order t o  be en t i r e ly  complete 
it i s  advisable t o  mention two 
very unaccustomed cases of  
optimum u t i l i z a t i o n  of atmospheric 
braking. In these cases, it i s  

begun by reducing t o  zero the  veloci ty  

atmospheric braking. In other  words, ced by T.., then there  being 
used e i t h e r  a tttwo-impulse ascent" ( f i  
(second case).  

o the  atmosphere using 
-f 

r a " t ransfer  through inf in i ty"  

Such solut ions a re  always optimum i f  V, < T (exceptional case).  They can 
only be optimum i f :  
quiring a western launch azimuth and a low horizontal  veloci ty  of "atmospheric 
exit") . 

V, < L - K + T; and i f  V, cos @, < T (very r a r e  case re-  

Comment: O f  course i n  cases 11, 111, and V there  are grounds f o r  
optimizing the  a l t i t u d e  of the  immediat 
spheric  res is tance t o  d i f f e ren t  ve loc i t  es  and d i f f e ren t  a l t i t udes .  

impulse as a function of the  atmo- 

1.4 Discussion. 

In a given case the various possible solutions must obviously be compared. 

1.4.1 Case where Atmospheric Braking cannot b e  u s e d .  

Comparison should be made of the  ascent tlthrough in f in i ty"  and the  
" f in i t e  ascent" ( i . e . ,  the  Hohmann tr 
ascent" i f  A1 < A2) .  

r i f  A1 X A, and the  "two-impulse 

8 



Here are some simple ru les :  

Let us s t a t e :  .4 

i f :  

2 p2 
p2 P' . 

+ max ( A ~ ;  A,) 
[si A, < A, : p = p a  = a,  (1 - e;)]. 

1 

t he  optimum ascent is  the'  
Q), ' 

2 co o r  e l s e  i f :  L 

" f i n i t e  ascent". 

] the  optimum scent is  "through inf ini ty" .  

1.4.2 Case where Atmospheric Braking can be  used. 

(We s h a l l  disregard the  1 V I  and VII) . 

I t  i s  necessary therefore  t o  compare the "ascent m atm" with the  "ascent 
atm". 
tha t  f o r  

( I f  A, > A2) o r  with the "two-impulse ascent" ( i f  A, < A 2 ) .  Remember 
G 60" the  'lascent m a t m "  is  never optimum. 

_ -  I -_  

2 O  p,> 4 R  1 f -  : Cmatrn > c,. ( 3 
In the case A, < A2,  it i s  therefore  necessary t o  compare the "ascent 

through in f in i ty f f  and the "two-impulse ascent'! (c f .  paragraph 1 .4 .1 ) .  

In the  case A$ 2 A 2  there  are three ascent methods i n  competition: the  
ascent flthrough inf ini ty" ,  the  Hohmann t r ans fe r  (whence u t i l i z a t i o n  of the  
ru les  of paragraph 1.4.1.)  and the "ascent through .the atmosphere" ( th i s  la t ter  
is  never optimum i f :  

1.4.3 Comments 

I .  
mpulse ascent!' I t  i s  indeed enough tha t  the four broad conditions following 
e s a t i s f i e d :  

From a p rac t i ca l  viewpoint, the  optimum ascent is  very of ten a Two- 

9 



11. The *Wornimpulse ascent" lea+ t o  an in jec t ion  a t  t h e  apogee of the  
o rb i t  and not at the  perigee as i s  
convenience. Fortunately, the  eneral ly  small: t he  loss  ( in  
cha rac t e r i s t i c  veloci ty) ,  clear 0, never exceeds: 

done f o r  t he  sake of technical 

1 
3 1 

I 3 K  4 I 

r 15 m/s  f o r  A, = R + 650 km. I 

. 111. If the  d i f f e ren t  methods of dptimum ascent i n to  o r b i t  are p lo t ted  on 
$a diagram, the  following f l i g h t  paths a e obtained (Fig. 7) .  

I V .  We s h a l l  now study C,  ~ 

? ! 
cha rac t e r i s t i c  veloci ty ,  of I V i  I 
putt ing in to  bsb i t  as a function 
of the  vector V,. 

i 
k 
I 

A lql f ixed,  C becomes lower 
-u 

r t i ona l ly  as CP drops. 

Therefore, at veloci ty  I V i  I with 

respect t o  the  ground given, the  
optimum consis ts  i n  a horizontal  
exif  directed towards the east. 

1 This is  approximately the  solu- 
t i o n  used f o r  customary s a t e l -  
l i t e  launching5 

with respect t o  another (a t  equal 
a l t i t udes )  is  therefore  measured 
under these conditions by the  
difference of local  ve loc i t ies  T 
of the ground (a t  t he  maximum 

s i t e  and a polar  s i t e ) .  
see  i n  the  second p a r t  t ha t  
equator ia l  s i t e s  a re  benefited 
much more i f  the  or ientat ion of 
the  f i n a l  o r b i t  i s  no longer open. 

I - +  

I 

_ _ _ _ ~ ~  
The advantage of  one launch s i t e  

, 

I 465 m / s  between an equatorial  
We s h a l l  

F i g .  7. Apogee-Perigee Diagram. 

I ,  Hohmann t ransfer .  
I I ,  Ascent "through i n f i n i t y " .  
I I I .  "Two-impulse ' '  ascent.  
I V .  Ascent "through t h e  atmosphere.[' 
V .  Ascent "through in f in i ty ,  t h e n  t h e  

Comment: If a s i t e  only has 
avai lable  western launch azimuths 
( for  example, t he  Landes' base),  
i$ may be, a t  e x i t  veloci ty  
IVf,l with respect t o  the  ground 

atmosphere". 

given, t ha t  the  optimum is made up by an oblique o r  even v e r t i c a l  e x i t .  
cases are p la in ly  very unfavorable on 

These 

10 
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1.5 The Reverse Problem: Eco f rom an O r b i t .  

We s h a l l  only consider t 
at  l i t t l e , c o s t .  In t h i s  case, 
cost an oqbit  whose perigee is 
solut ions tare eas i ly  obtained: 

mospheric braking can be used 
d t o  reach a t  t he  l e a s t  pbssible 
here. Two types of optimum 

$ '  

(1 - k,, - j 
"1 1) Case where 

A tangent ia l  braking a t  A, (Fig. 8) ,  with cost: 
442 

making t r ans i t i on  t o  o r b i t  A,R. 

Fig.  8 Optimum Descent. F i r s t  Case, 

J 

' By adjusting atmospheric brak- 
ing it i s  possible t o  land any- 
here a t  a l l  using the  o rb i t  A,P, 

2) Case where P, > 4 R  1 + - . 
31.  

( .:I: 
A tangent ia l  accelerat ion a t  P, 

9), with cost :  

leads t o  the very elongate 
e l l i p s e  P,A. 
braking al lows making t r ans i t i on ,  
t o  o rb i t  AR. 

A t  A a negl igible  

, 

The loss owing t o  not moving 
apart  from point A a t  i n f i n i t y  
is  (for  A major): 

L 
2 A  

8~ il - ( z / c R  - 2 R). 
-. 

Comment: I t  i s  possible,  f o r  
a hardly higher cost ,  t o  change ~ 

plane a t  A and, hence, t o  land - 
at any place whatsoever, 

Example: descent f e l l i t e  o rb i t  (A2 = P, = 6.6 R) :  
I t  follows t h a t :  



" ^ ^  - ." 
esome descent cor- 

ds t o  the  case A2 = P2 = (2 * a) 
follows t h a t :  

t h e  way of comparison, 1 

f the  optimum ascents i n t o  
o r b i t  (with an "exit angle" zero) i s  
obtained f o r  A2 = P2 = 11.9-38 R. L t  re -  

quires ,  from the  ground: $ = 12.13 
m/sec: i f  t he  launch b a s e ' i s  polar.  

C '  = 1 2 . 1 3  km/sec -0.465 km/sec = 
1.67 $m/sec: i f  the  launch base i s  

equator ia l .  

1.6 Losses Owing to  Limitation of  Thrus 
of Non-Immediate Impulses. 1 

1 

1 If a non-immediate th rus t  i s  re -  : 
@laced by a th rus t  t r a j ec to ry  (optimally 

) "  F i g .  9. Opt imum Descent. Second 
* Case. 

duration t (from to t o  

a t ive  loss  , 
6C 

szlch--that : 'Î _- 

7 

-*_ "-- 

designating the  durat  of ro ta t iod  on r o r b i t  a t  the a l t i t u d e  of  
impulse and y (ul t ins tan t  u, 

-_ 
. - -  

If y ( ~ )  var ies  only a l i t t l e :  

(In the  case of t 

2 .  Case of Immediate Impulses. 

f t instead of t2. 

A. Case of "Ascents through Inf ini ty"  

r y major), with: g = accelerat ion 

-+ 
( G J  on Fig.  10) 
follows t h a t :  



his cage than in the case of 

Comment: if sin = ' ( l o :  sin+ 

is no 

We shall only perform a proof 
in the case where atmospheric 
brakings cannot be used and wher 

lon'ger of 

as in 

the case of non-immediate im- 
pulses. 

1.7 Proofs 

the rocket thrust is not limited Fig. 10 iiTwo-lmpuls<' Ascent. Immediate 

1.7.1 Examination of the Problem 

mpulse case). theoretical impulse G J ;  c0 = I G J .  :* D 

Since only the shape of the orbi o consideration, we can 
use a perigee-apogee diagram (Fig. 11). 

One point 03 this corresponds to it (approximate arienta- 
tions). 

- -  

ig. 1 1  Perigee-Apogee Diagram. Zo 
and 1 1 .  

t 

Zone I (P<R<A) corresponds to 
secant orbits with the earth 
(or  at least with the atmosphere 

We shall therefore look for th 
optimum path between a point of 
zone I and a point of zone 11 .  

Since the orbits in zone I are 

! ** 

interrupted by the atmosphere, - 
the parameter v (true anomaly) 
cannot be considered as an ab- 
solutely free control parameter. 
If, indeed, the optimum position 
of application of the thrust has 
been exceeded, it is not possible 
to return there. We shall assume, 
however, that this can be done ' 
and we shall certainly see if the 
result obtained is feasible. 

13 



Ix ” -  

It is then possible to prove s 
t 

1.7.2 Theorem I 

An optimum path cannot d 

Indeed, since the goal is 

1. Either, starting path returns to the initial level at K 
(Fig, 1 2 ) ;  the rectilinear ’-.i J K  is in this case less costly (Hohmann 
transfer by an impulse at thr herefore feasible). 

2.  O r ,  the path ends at M on th4 straight line P = R; the flight path 
J L M  (Hohmann transfer feasible) is in tjhis case less costly. 

Theorem I is therefore quite exadt, 
1 
I 1 . 7 . 3  Theorem I I - .  

The rocket can only be utilize 
the highest o r  lowest possible. 

Let us now investigate the 
’ange of maneuverability. . 

-parameters of state can be 
a, H and C (semimajor axis, 
kinetic energy and characteristi 
$elocity) since only the shape 
of the orbit becomes a factor. 

positive upwards) and it follows that: 
i ,  

F ig .  12 Theorem I 

Let + be the angle of thrust wit 

The component of the thrust 
normal to the orbiting plane on1 
modifies the orientation, The 
optimum thrusts are therefore in 
the plane of the launch orbit. ’ 

the horizontal (we shall assume + 

dH- 
dC = r cos p - 

Pontryagin$s optimum condition 
maximum with respect to and v ‘  

14  
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I t  is  t rue  t h a t :  

e follows tha t :  

maximum with respect t o  v. 

8 a4p: -, The l a s t  term i s  independent of v and the  maximum of  pgra + - - 
r p.1 

i s  produced e i the r  f o r  r m a x i m u m  ( a t  the  apogee) o r  f o r  r minimum (r = R i n  
zone I and r = P i n  zone 11).  3 

Theorem I1 i s  therefore  qui te  coarect.  

I t  may be noted, owing t o  the  expression above of the optimum value of 
- t g  9, i f  the  thrus t  takes place a t  the  perigee o r  apogee (s in  v = 0 ) ,  t h a t  t g  

9 = 0 (horizontal t h rus t )  i s  produced. 

1.7.4 Theorem 1 1 1  

The switchings i n  zone I always ke place i n  t h e  direct ion r = R + r = 

For a switching i n  zone I ,  C has e same value fo r  r = R and r = A 
therefore:  

i n  which the  l imit ing val ing values):  

1 

15 



The simple geometric construc- 
t i o n  above (Fig. 13) with t h e  
useful  angle (cross-hatched) was 
derived with: 

( in  r e a l i t y ,  only t h e  double 
cross-hatched portion, under the  

Fig. 13 Useful Angle at Level r = R. 

A s  i n  zone I ,  A cannot decrease (theorem I) ,  OF, and OF, cannot increase 
A di rec t ion  used as d i rec t ion  of t h rus t  cannot en ter  i n t o  the  useful angle, it 
can only e x i t  from it. 
place i n  the  d i rec t ion  r = R -+ r = A. 

tangent, i s  ac tua l ly  used). 

Therefore, theicomunications i n  zone I can only take 
,The t h  
i 

x ~ ,_x_ I 

In t h i s  way it i s  incidental ly  ccjnfirme 
l y  f r e e  control parameter does not lead t o  an 

1.7.5 Optimum Flight Paths 

Taking i n t o  account optimum f l i g  
and t ransfers  "through inf in i ty") ,  the  
zone I and a point of zone I1 can on1 

paths i n  zone I1 (Hohmann t ransfers  
t i m u m  f l i g h t  path between a point of 
e one of the  three  shapes below 

, F i g .  14 Optimal Paths 

16 



Shape 3 corresponds t o  the  "ascent through inf in i ty"  described i n  
Chapter 1 .3  from the  r e s u l t s  ( 
impulse carrying the  ve loc i ty  

e i s  a tangent ia l  immediate 
arabol ic  veloci ty) .  

1.7.-5. I F i r s t  o f  a l l  le e par t  o f  t h e  t ransfer  

rst impulse a t  leve l  r = R t b e s  the apogee t o  value A. A 
impulse (tangential  a t  t he  apogee) takes the  perigee t o  value R (Fig. IS). 

A 

A, 

R 

F 3 .  15 Optimization i n  Zone I .  

The hodograph of t he  ve loc i t i e  
a t  0 giving an apogee at  dis tanc 
A is  an e l l i p s e  with center 0 
(Fig. 16),  major horizontal  axis  

, minor v e r t i c a l  axis 

foc i  

The firs4 impulse i s  therefore  a 
vector G J ,  J being a point of t h  
e l l i p s e  MN M' N' and the  cost of 
t he  portion of the  t r ans fe r  i n  
zone I i s :  

*i 

But - is  precisely the  eccent r ic i ty  of the e l l i p s e  MNM' N'; it follow 
t h a t  

The optimum posi t ion of J is therefore  on the  s t r a igh t  l i n e  F2G (F2 bein 
I t  i s  accordingly t rue  tha t :  he most removed focus of G )  from the  i d e  of G .  

%, = 

17 



to the one shown 
ing  the conditions 

Fig. 16. Optimization in Zone 1 .  

Fig. 17. Comparison Between Paths 1 
and 2. 

_ _ _  - -- 
7.5.3 The optimum flight paths 
ween a point of zone I and a 

point of zone I I  therefore have thl 
shape 2) or 3) (Fig. 14) and the 
only question remaining for solutil 
is to determine the optimum ordina 

.intermediate segment 

The optimum value of A is either 
A maximum or  A minimum, i.e., 
either A infinity or A = max 
(A1 Y A21 - 
The proof of this last theorem i 

quite complicated, We shall show 
only the following elements: 

If 9 ~ i s  the angle determining 
the direction of the first impulse 

12 - 

1 

3 
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it follows t h a t  (C2 designating the  

l e t  us s t a t e  

I R  
p* 

s = - -  

The proof consis ts  i n  ver i fy i r  

< 0 and 

therefore  tha t  S is not cancellf 
more than one and i n  t h i s  case j 
a decreasing direct ion.  The s a  

i s  therefore  t r u e  of anc 

_ -  

? 

FIG, 18 Final Optimization. 

t h e  minimal value of C2 i s  obtaj 
ed f o r  one of  t he  extreme value: 
of A consistent with theorem I V ,  

In the  hypotheses under which w e  operate here (capabi l i ty  of performing 
impulses, incapabi l i ty  of using atmospQeric brakings), there  is  therefore  i n  
each case two competing solut ions f o r  comparison, always involving impulses: 
the ascent Ifthrough inf in i ty"  on one h 
A 2 ) ,  o r  else t h e  "two-impulse ascent" 
i s  explained and discussed i n  Chapter 

and t h e  "Hohmann t ransfer"  ( i f  A, 2 
t he  other hand, j u s t  as it 

CONCLUSION 

The optimization of t he  extra-at ase of t he  ascent i n to  o r b i t  
nd with open or ientat ion)  ( in  the case where the  f i n a l  o rb i t  i s  

leads t o  two o r  three-impulse so lu t io  be carr ied out p rac t i ca l ly  
with a s l i g h t  l o s s  by means of t h rus t  o f  short  duration. 

"two-impulse ascent" t jpe The optimum solut ion is  almost 
with one impulse s t a r t i n g  from the  "exit  from the  atmosphere" and t h e  other  
( inject ion impulse) tangent ia l  t o  t h  gee of t he  t a rge t  o r b i t .  

19 
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x 1  ~ x " * -  I- 

In Part Two w e  s h a l l  s t u  

ore  advantages with respect t 

ich  the  t a rge t  o r b i t  plane i s  
determined and not open. The ch sites i n  question have many 

n i n  the  present case. 

rt Three we s h a l l  s which t h e  f i n a l  o rb i t  

t 
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OPTIMIZATION OF THE R I C  PART OF THE ASCENDING 

PART TWO - CASE IN IS ELLIPTIC AND 
WELL DETERMINED ASE) . COMPARISON 

Christian Marchal 

ABSTRACT, Optimization of the extra-atmospheric phase o'f 
ascent to orbit can be achidved by adopting certain simple 
assumptions regarding cost df travel through the atmosphere 
and the height of the denseiatmosphere. 

sectors. For inclinations af 5" to 117" obtainable at the 
best launching station the qptimum ascending trajectory is 
always of the direct-cl imb type. For other less favorable 
inclinations this t f the three-nodal climb, 
four-nodal climb, a or the latter inclina- 
tions substantial saving car$ be effected by use of atmos- 
pheric braking and fast-cl idb trajectories with no inter- 
mediate parking orbit. 

Choice of the 
launch site depends on local f latitude and available launch 

i 

The ascent into orbit is 

In many cases the orienta 

phase of any space mission. 

arget orbit is not open either, fo 
example, when it is desired to place a /telecommunications satellite on a 
"geostationary" orbit, hence in the equatorial plane, o r  else a reconnaissance 
satellite on polar orbit, etc. The st made in Part One is then no longer 
adequate [ 11 . 

The general study of optimizatio f ascent into orbit is a very compli- 
crossing of the atmosphere and, on 
er of parameters defining an orbit. 

cated problem, on one hand because of 
the other hand, because of the great 
It is nevertheless simplified if it is granted that: 

1. The optimization of the cr 
consumption which is a fun 
of  the orientation) of the 
of tlatmospheric exit" (app 
in the case of the Earth). 

2 .  The equatorial rotation ve 

g of the atmosphere leads to a 

city, with respect to the ground, 
ately 40 to 70 km of altitude 

of the magnitude alone (and not 

y is small Gompared with the 
satellization velocity (th t being the case for the large 
planets). 
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The problem s t a t ed  i s  then mpler and, i f  t h e  launch base is  t fa l l  

azimuths", it can be solved i n  a eat number of cases. The "all azimuth 
e s t r i c t i o n  is  i n  general only 
road launching sec tors  e i t h e r  

i c t i v e  f o r  bases having 
s t  quadrant or  i n  the  so 

roblem, p rac t i ca l ly  
i s  grea te r  than the  l a t i t u d e  of t he  lamch location, s t i l l  remains t o  a great  
extent indeterminate i n  the  contrary case (much worse case). 

c l ina t ion  of the  orbi t ing plane 

1 . 1 .  Statement o f  t h e  
I 

How, beginning from a given 1 
fixed e l l i p t i c a l  o r b i t  with the  min 
rocket? 

ing base, is  it possible t o  reach a 
propellant consumption of  a given 

We s h a l l  assume: 

A) That t he  planet from ng takes place i s  spherical  
and e i t h e r  devoid of 
of which the  aerodynamically important pa r t  i s  not thick (40 t o  
70 km i n  the  case of the  Earqh). 

p l ied  with an atmosphere 

B) That t he  launching base i s  I I d l l  azimuths", (we s h a l l  make a 
rapid inspection of.what may be seeni in  

That the cost  of the  optimizdd cros 
independent of t he  or ien ta t idn  of the  veloci ty ,  with respect t o  
the  ground, of "atmospheric &itT1 (consequently w e  sha l l  not take 
it i n t o  account), 

, 

reverse hypothesis). 

C) t h e  atmosphere i s  

i 
D) That t he  various per turbat iv  effects (owing t o  the  sun, equator ia l  

bulge, e t c , )  a r e  negl igible .  

The optimization leads t o  the  u t  l i z a t i o n  of ascents of cha rac t e r i s t i c  
minimum veloc i ty  f o r  a l l  high-thrust  r ckets (chemical rockets,  nuclear 
rocket, e t c  ...) whose use i s  required !or an ascent i n t o  o rb i t .  

not l imited (impulse case).  

We s h a l l  there- 
' f o r e  inves t iga te  these ascents under the  assumption t h a t  the  th rus t  power i s  

The loss  qwing t o  t h i s  l imi ta t ion  is  generally 
f the  second order with r e s  ect t o  the  duration of t h e  thrus t  t r a j e c t o r i e s  
r e l a t i v e  l o s s  less than los i n  the  case of t he  Earth f o r  t r a j e c t o r i e s  of' 2 

s t  order f o r  t he  first impulse if a 
ed ia te  waiting o rb i t  [ 11 

Note tha t  the  cha rac t e r i s t i c  ve l  t y  is the  ari thmetic sum of  a l l  t he  

Optimization of the  ascent sometimes depends on t h e  poss ib i l i t y  o r  i m -  

The cases of f i n i t e  l i f t -d rag  are c l ea r ly  located between cases 

minutes duration).  I t  can be of t he  f 
t r ans i t i on  is  not made through an i n t e  

a r t i f i c i a l  changes i n  veloci ty .  

~~ ppss ib i l i t y  of accomplishing pheric  brak 

ing a t  low cost .  Hence 

24 
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cons i following " 't es: 
> I .  Atmospheric braking 

11. htmospheric braking shed, but the  l i f t -d rag  
fhe rocket considere 

tmospheric braking 
- 

ed and the  l i f t  drag r q t i o  of 

The last-named case, i n  ceed throughout the  a t  - 
II1* t he rocket consider 

mosphere without loss  of veloci ty ,  renders a l l  t he  s t a t ions  equivalent t o  the  
x best  one, the  equator ia l  s t a t i o n  (for  rhich a non-zero l i f t - d r a g  r a t i o  i s  not 

The cases of f i n i t e  l i f t -d rag  r a t i  are c l ea r ly  located between cases 

On the  other hand, it i s  possible $0 wish t o  make a t r ans i t i on  through 

1 useful) .  4 

-.I1 and 111. 

1 an intermediate parking o r b i t ,  f o r  exalfrple, f o r  matters of precision. 

i 
1 

We 
"shall  therefore  a l so  consider t h i s  cash and we s h a l l  s t i l l  assume tha t  t h i s  

arking o r b i t  is  located lower of the  t a rge t  o rb i t  ( i f  not 
he consumption f o r  ascent i n t  much higher).  

11.2 Notat ion 

We s h a l l  use the equator ia l  plane 6f the  planet studied as reference 

The indices 1, 2 ,  3,  4. . . a re  relat  4ssive i n t e  t e  or-  
fts-and- to-the e f i i a l  o>b argkt t t  

r b i t )  and t o  i t s  components. 

0 = orb i t ;  a = semimajor axis;  e = P = a(1-e) = d i s -  
tance from the  perigee t o  the  centqr of the  planet ;  A = a ( l  + e) = 
distance from the  apogee t o  the  ceriter of t he  planet ;  i = inc l ina t ion  
o f  t h e  orb i t ing  plane t o  the  equatar ia l  plane; (0"<&180°, the  planes 
are oriented i n  the  direct ion of ra ta t ions) ;  Q= r igh t  ascension of t h e  
ascending equator ia l  node; 

plane and we s h a l l  employ the  customar; symbols. 
(# '- 

1 

w = argument of the  perigee 
~- (= angle between the as- 

cending node and the  per i -  
gee, i n  t he  direct ion of 
movement) ; 

A___-- - _ _ -  

P 
cp = l a t i t ude  (north o r  south) 

of t he  launching base, 
0" < cp < 90"; 

Y$ = l a t i t ude  of t he  perigee 
of t he  t a rge t  o rb i t  , 
0" < cp 4 go", s i n  cp = 

P P 
= I s i n  i s i n  w 1 .  

-- - ----- 
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R = equatorial  radius of 

quator ia l  ve loc i ty  investigated [= 465 
in/s i n  the  case of E 

K = c i r cu la r  low ve loc i t  t ed  (= 7,905 m 
the  case of Earth). 

+ 
= cha rac t e r i s t i c  ve loc i ty  (y designating the  

r) 

accelerations of th rus t  and AV designating t h e  impulses). 

11.3 Results 
I 

11.3.1 General Comments 

a * *  
On the  parameter RB. 

I t  i s  clear t h a t  it is  always possible t o  obtain R r i g h t  ascension of 

t h e  ascending equatorial  node, as desi<ed, f o r  an ident ica l  cost  by select ing 
the  su i t ab le  launching t i m e ,  
slow (Mercury, Venus), it w i l l  be posssble fo  eason t o  be led t o  wait, 
if necessary, f o r  several  months. I s i b l e ,  then launch can 
take place without waiting. The pro h i s  case, s imi la r  t o  the  one 
f o r  launching from a polar  base. 

B' 

Nevertheless, i f  t he  ro ta t ion  of the  planet i s  

t 
i 

The parameter R w i l l  therefore  40 longer become a f ac to r  i n  the study. B 

11) On ascents i n to  parking orb i  

The ascents i n t o  a more o r  l e s s  w parking o r b i t  are a frequent f i rs t  
hey appear during invest igat ion of the 

t o  make a t r ans i t i on  t o  such an o rb i t  
s tage of space missions e i the r  because 
optimum process o r  because it is  des i r  
f o r  various reasons (technical conveni ce, precision of subsequent s tages ,  
etc..  .). 

In each one of these two cases t minimization of t he  cost  of the  
mission leads t o  the  se lec t ion  of as low o rb i t s  as possible (the optimum 

- a l t i t u d e  being a function of t he  atmosphere). 
obligatory f o r  t he  ascent i n t o  the  pa ng o rb i t  t o  be f a s t  
t he  best  parking o r b i t  w i l l  have a p l  
of the  launching s i te .  However, i n  coqsideration of the  in f  
case and the  complication of the  maneuqers t o  which it gives r ise,  w e  s h a l l  
assume it as excluded, 
ing o r b i t  i s  a fast ascent phasing i 
atmosphere, 

On the  other hand, it is  not 

which does not i n t e r  

Under these codditions, the  optimum ascent i n to  park- 
a t e ly  i n t o  the  crossing of the  



We shall state for this e orbit whose optimum shape is 
c circular as follows: 

semimajor axis: al = R 

tricity: e l  = 0. 

nation: i, (with cp G il G 1 ' S O o - - ~  taking the comment made 
into consideration. 

The characteristic velocity C, r&guired for this first phase is indepen- 
ent of the latitude of the launching site. The purely geometric study which 
rrives at a slight disadvantage for eq,,atorial sites is indeed exactly counte 
balanced by the effect of the planet's Xlattening (it is enough, moreover, to 
.examine the question from the energy a<gle in the axis linked to the planet in 
rotation: 
same initial energy, 
theoretical characteristic velocity is,! moreover, quite little.: 
1 km in the case of the Earth. d, this altitude clearly can 
have a great deal of effect on 

C, , theoretical characteristic v&ocity (i. e., not taking into account 

all launching sites located at the same level correspond to the 
The effect of the, altitude of the launching site on the 

1.24 m/s for 

ing the atmosphere). 

the cost of crossing the atmos 
only the function of i, and h,: 

into a low parking orbit is 

or  in the case of the Earth: 1 
j 

- 
CI = 7 905 m/s - 465 m/s COS iz + - 

1 4  m/s3inq il + [A-] 62 m/s. 
100 km 

1 

If the asymmetries of the terres rial potential are taken into account, 
this formula is hardly modified: 

i 
i (h, is in this case the altitude of 

The term at h, is partly reco 

ge above the equator). 

in the subsequent phases of the 
scent. 



the atmosphere, the ascent unde 
ocket under study and the re- 

ich is understandably advantageous 
to keep short). In the case o this altitude is almost a1 

ount the effect of cro 
atmosphere, it can be said that everything takes place (from the viewpoint of 
characteristic velocity) as the first af one or  more stages used for this 
crossing produced a characteristic velocity equal to: 

with: 
exit I' ; 

Vh = horizontal velocity (with espect to the ground) of "atmospheric 

V = vertical velocity of rt&tmoppheric 
V 

- ho = altitude of "atmospheric ex 
/ 

~ t -  

(in the case of the Earth h,K = -. h~ 124 m/s; ho = 40 
R 100 km , 

at 70 o r  even 100 km according to 

km/sec and Vh of 0 to 7 km/sec). 

of the orientation, which 
is suitable for optimizing during the e atmosphere. This gener- 
ally leads to exits" slightly incli to the horizontal. The subsequent 
stages should then supply the charact 
complete the putting into parking orb 
precise physical direction. 

I I . 3 . 2  Results i n  the Case where cp 

This is the most simple and e 

We shall assume that one of t 

on the order of 0 to 1 

It is the quantity Cg, practica 

stic velocity C,  - Co in order to 
and C, possesses in this case a 

potheses is confirmed: 

17 

E 

K 
Either - <  0.1, suitable for the planets of Mercury to Mars 

E Or cp = 0 and -<  0.5, suitable for all the planets of  the solar system. 

i 
~~ _I il" 

y if o 
alues h e n  agr 
d 180" on condition 

is open or  if 
"B 

-sn I-;---_-_i 



-- 
t h  respect t o  the  s t  , a loss (in character is  

oci ty)  l e s s  than: 
. -~ -.A- - - .--I- - 

1 
o r  a t  t h e  m a x i m u m  4 m / s  i n  t h e  case of 

The optimum ascents i n t o  o r b i t  are then of three possible types. 

These three types begin by a put t ing in to  a low parking o r b i t  ( t h i s  not 
being the  case f o r  t he  s t r i c t  optimum i f  w f Oo and 180’). 
occasionally be skipped but it can alwdys ge done provided t h a t  a minimum 

This s tage can 

ncrease i n  cost  be accepted ( th i s  be i  g zero i n  the  absence of atmosphere). 

We s h a l l  call these three types of optimum ascent the  “d i rec t  ascentf1, 
“ascent through in f in i ty”  and the  ascedt t%hrough i n f i n i t y  and then through 
the  atmospheref1. 

11.3.2.1 T h e  Direct Ascent i 
i 

The d i r e c t  ascent (Fig. 2) i n c l  s ,  a f t e r  put t ing i n t o  a low parking 
o r b i t  0,, two impulses a t  I,, then a t  

generally quasi-diametrically opposed t o  I, . B  ; 

ermediate o rb i t  0,. 

“ t a r g e t  o r b i t  and I, is  
% 

The optimization of the  inc l ina t ion  i, ok 0, and of t h e  posi t ions of I, 
Nevertheless, i f  there  is  granted, with respect and I, i s  qui te  complicated, 

t o  the s t r ic t  optimum, a loss  which ead of being l imited to :  

-”--- - 

can rise t o  
rK E2 p sin2 iB sin2 wB 

(p ,  which is  always posi t ive,  remains less than 1 i f  A G 3.21  R and than 2 i f  
AB < 5.27 R ) ,  it i s  then always poss 

a t  t he  apogee AB of t h e  t a rge t  o r b i t  

t o  place the  Bpoint I 

the  point I, diametrically opposed t c  

,. I, and I, are i n  t h i s  case t h e  perigee and the  apogee of t he  intermediate 

o f  Figure 2 2 



1 - x _ ^ .  

orb i t  0,. The- ?!pract ical  optimum ascenp i s  -thus- ined (Fig. 3 ) .  The t rans  
e r  from 0, t o  OB is  of t he  "g 

contains t h e  major ax is  of OB. 
i, and i, (cf.  t he  annex). 

1 

type [2 ] .  The plane of 0, 
i n s  i s  t o  optimize the  values of 

I (or i f  AB < 23.5 R i n  the  case 

of Earth) it i s  possible t o  
develop the  optimum value of i 
as well as i, as a function of 
t he  components of OB: 

Let us grant:  

E 
K [1- 

I 

I 8, = p -sin iB 
I - .  

+ order ["PRiB \/A,(A,+R)I3 2 

p having t h e  value defined i n  
the  preceding paragraph. The1 
i s  produced (for  the  'foptimum 

t i c a l  ascent") : 

- 
is = mag [ c p ;  iB - 8, cos2 wB] < iB 

Fig .  2.  Direct Ascent, T h e  Orbits 0 ,: 
Related- Planes. 
(I2 and OB a r e  in Generally very closeiy i, = i, f 

6 is an the order of several degrees i n  the c m o n  t e w e s t r i a l  cases. B The t o t a l  cha rac t e r i s t i c  ye loc i t  1 ascent" i s :  

a CB prac t i ca l  = 

+ order 



- r  

I .  I t  "is appropriate t o  comment 
t h a t  f o r  t he  "optimum prac t i ca l  
ascent" and, moreover, f o r  t he  

r 

rue : 
I 

i 

I 
I 

I 1 

e- _ -  

F ig .  3 Optimal Practical  Ascent. T h e  
Orbits O,, 0, and O B  a re  "Direct Coaxi, 
ones and a re  i n  Generally Very Closely 
Related Planes (il G i2 G iB); b ,  AB 
(or A*). 

Value of t h e  Term:' 

PI3 
R R 

as a function of -/and AB , 

with 
I E I  G 

and -l_l - Ea sina iB A, ~. , 1.1 < (m2 - 2,72), si A, > 5,27.R 

i f  AB 2 5.27 R. 

E 2  
= 13.7 m / s  i n  the  

The parameters cp and w are  a 

very small f ac to r  i n  the  cost  of 
t he  ascent. 
i n  t he  case of the  Earth the  term 
at  h,  is:  

K case of Earth) 

B 

h ,  i s  a small fac tor :  

. .  

The parameter iB is more of a 
fac tor :  
m / s  cos i, i n  the  case of the  
Earth (much more, however, f o r  
t he  large planets].  
l y  the first term which i s  the  
most important. I t  i s  always 
included between K and 1.536 K .  

E cos i, gives only 465 

I t  is  c l ea r  
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Figure 4 shows-i ts  var ia t ions  as a f u  

c i a l l y  noted t h a t  it i s  always 

i f  PB > 3.304 R. The o r b i t s  w 
a r e  more accessible  than the  fd 

of PB and AB, 

9 
4 

I t  may be-- 

i f  PB G - R and more than 

even the  very eccent r i  

h e  Ascent ttThrough 

This second method of op i t e  r a r e l y  t h e  bes t  one and t h  
saving which it allows with respect  t o  t h e  "direct  ascent" never exceeds K . O . 0  
+ E (COS P-COS iB) which i s  li 

Figure 5 shows it i n  a c 

1. A put t ing i n t o  waiti inc l ina t ion  i, = cp 

2.  Three successive imp d PB with two very 

A2. The o r b i t  O2 is  i t s  perigee P2 

(<herefore i2 = i, = s tangent t o  OB at  

t h e i r  common perige = ( B ) .  The three  
o r b i t s  02, 03, OB h ion of major axis  
(determining P 2 ) .  s very s l i g h t .  

terrestrial  cases. 

There is  then successively: 

(launching towards t 

0 with common apogee 3 , elongate intermediat 

I 

I - The cha rac t e r i s t i c  ve loc i ty  of 

03 - 
F i g .  5 Ascent "Through Infinity" 

the  ascent i s :  

I t  is  advisable t o  add t o  C ~0 

t he  l o s s  owing t o  the  unavoidable 
non-movement apar t  a t  i n f i n i t y  o f  
Aa .  This loss ,  i f  A2 is major, i s  - 

a being the  angle of the  or iented 
planes of O2 and O3 (the arrange 

ment of Figure 5 with an impulse a t  
ca l ly  with the  optimum when the  dur 
m a x i m u m  movement apar t  is  f ixed) .  

merged with A3 - corresponds p rac t i -  
of ascent i n t o  o r b i t  o r  even the  

30 

3 



- - ~  - --- I " I  

For A2 = 60 

If cpp > cp the  arrangemen 

l l y  be possible t o  o 

of Earth, on the  order of some ten  
m / s .  

cannot be real ized.  I t  cbuld 

9ken.t: i n t o  o r b i t  f o r  the  s 
intermediate o r b i t  0; whic 

allow placing 0, 
as OB) but, given 
tance, t h i s  so lu t  antage f o r  planets  with slow ro ta-  
t i o n  (Mercury t o  Mars). I t  would be wdrthwhile i n  t h i s  case t o  somewhat modif 
the  or ientat ion of 0, (cp < i, G cp ) and the  a r r i v a l  point on OB. 

a t  the  increased m a x i  

(03 with same plane an 
c i r cu la r  ve loc i t i e s  a t  great  d i s -  

C 00 is  then 
P I 

(or p rac t i ca l ly  E ( 

I 1 . 3 . 2 . 3  T h e  Ascent "Through ugh t h e  Atmosphere". 

This t h i r d  method of optimum ascent i s  a l so  r a the r  infrequently the  best 
and the  saving it allows with respect $0 t he  'Idirect ascent" never exceeds 

which is  very l i t t l e  i n  the  common t e r r e s t r i a l  cases. 
t ha t  atmospheric brakings be possible (with a l i f t -d rag  r a t i o  which can con- 
veniently be zero). 

What i s  more, it requires  

Figure 6 shows it i n  a case 
where cpp < cp. There i s  i n  t h i s  

case successively: 8 

1. A putt ing in to  parking 1 

orb i t  0, with inc l ina t ion  
i, = cp (launching towards 
the East) .  

2 .  Three successive intermedi 
-. a t e  o rb i t s  O,, 0, and O 4  

separated by: a tangent ia i  
F i g .  6 Ascent "Through I n f i n i t y  t h e n  impulse a t  P, ( therefore 
Through t h e  Atmosphere. i, = i, = cp),  an i n f i n i t e l y  

small impulse a t  A t ,  very 
far common apogee of 02 and 03, an atmQspheric braking a t  P 3  (merged with P4) ,  
f i na l ly  a tangent ia l  impulse a t  AB ( 
the  ro ta t ion  of the  planet a s l i g h t 1  

).  
fe ren t  i3 should be chosen. 

i, is  equal t o  i, but owing t o  

31 



" .  - x  X X I X  ~ " 

The cha rac t e r i s t i c  veloci ty  of t 

1 

The comments made on t h e h  inf in i ty"   an be re 
peated here.  Espe non-moving apar t  
a t  i n f i n i t y  of A, i s  ( fo r  A, major): 

(a being again the  angle of t he  oriented planes of 0, and 0,). 

11.3.2.4 
ceptional case of optimum ascent only qccurring when cp f 0' and when atmo- 
spheric brakings (and hence the  ascent "through i n f i n i t y  then through the  
atmosphere") are impossible. This case uses, between the  parking o rb i t  0, f o r  
which i, = 9 and the  t a rge t  o r b i t  OB, a "three-impulse" t r ans fe r  similar t o  t h  

one described i n  reference 2 ( i den t i ca l  i f  uB = 0' o r  180'). 

11.3.3 

For t he  sake of completeness, it is  advisable t o  mention a very ex- 

Results i n  t h e  Cases i, < cp and i, > 180'-cp 

These cases are a t  the  same time ' the most complicated and the  most cost1 

E 
K 

t t 

We s h a l l  s t i l l  assume -<  0 . 1  an 

t o  avoid problems of sign, t ha t  t he  l a y c h i n g  s i t e  i s  i n  the  northern hemisphe 

t o  a low parking o r b i t .  

8 

The optimum is then a function of the  w i l l  t o  make a t r ans i t i on  o r  not 

1 . 3 . 3 . 1  Case where i t  i s  Desired t o  ake a Transit ion t o  a l o w  Waiting 
Orbit. 

The optimum method of ascent can i n  t h i s  case be "through inf in i ty"  o r  
even "through i n f i n i t y  then through t h  
obtained f o r  cp < i, <-180°-cp. 

atmosphere", cases s imi la r  t o  those 
(11.3.2 2 and II .3 .2 .3) ,  but t he  saving real ize  

t o  a "d i r ec t  ascent" can be very grea t  here. 

ter  uB i d  open, o n i f  s i n  uB = 0 (0' and 180' are the  

e fixed) , t he  study can be 'made ptimum values of uB when aB eB and 

completely. In  addition t o  the  two above, the  following three methods 

I .  The d i r ec t  ascent, similar he one found i n  paragraph 11.3.2.1. 
In t h i s  case, Ir and I2 a 
equator ia l  nodes of 0, 

apexes of t he  major axis  and the  
alue af i, is: cp i f  iB < cp , a 
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-ion of t he  study perforded-in the  annex i f  iB > 18Oo-cp. 

11. The "three-nodal asc  Transit ion is  made from 0, t o  
by a "three-impulse reference 2 (the three  impulses 

re  here a t  equatoria 

i, Scp i f  i < cp. 
B 

i, = (9 or 180' - cp 
i f  iB > 180' - cp. 

111. The "four nodal ascent", 
version with a point A, a t  
f i n i t e  distance of the  as- 
cent "through i n f i n i t y  then 
through the atmosphere". 
(11.3.2.3) The o rb i t  0, is  
not i n  t h i s  case i n  the 
plane of 0, and the  o r b i t  
0, is not i n  the one f o r  
O B ,  The corresponding i m -  

es ,  a t  P, and AB, are 

12 
1 

Here again: i, = cp i f  ig 

F i g .  7 "Three Nodal Ascent". T h e  L i n  < cp and i, = cp o r  180'-cp 
i f  i > 18Oo-cp. of Aps ides  is a l so  t h e  L i n e  o f  t h e  

Equator i a 1 Nodes. 
I t  can be noted t h a t  i n  a l l  

cases: i, = cp i f  iB < cp ( th i s  is ,  moreover, s t i l l  t r u e  i f  uB f Oo and 180°, 
cases f o r  which study is not yet  complete). 

11.3 .3 .2  Case where i t  i s  Open fo r  Transition t o  a Low Parking Orbit 

B 

I 

I n  t h i s  case there  are again fouad, of course, ascents "through i n f i n i t y  

The common cases, however, are not solve 
and ascents 'lthrough i n f i n i t y  then through the  atmosphere!' when the  t a rge t  
o rb i t  i s  far o r  even very eccentr ic ,  

. Nevertheless, i f  we s t a t e :  
! 
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o use atmospheric brakings the 
with one immediate impulke, 

one other impulse t 
which is quite frequent 

characteristic velocity, 
en than the order Kc3). 

4 

Assuming the launching site to be in the northern hemisphere, the 
characteristic velocity of the ascent 

If it is true eB sin uB = f. 

It follows that: 

First case: 

s then: 

(this -expression is not exaGt in eptional case where 

900 < oB < 115O,3 et 2 > 0,975721. 
6a 

Second case: 
f +  

The quantity + E cos cp shopld be 
p and to -E cos (9 iT iB < cp,  

taken as equal to +E cos cp if iB > 180' 

It is possible to compare these values of CB to those obtained when the1 
is an obligation to make transition to a parking orbit (the ascent is general1 
of the "direct ascent" type). 
this parking orbit. 

We shali disregard the effect of altitude on 

It follows that: 

First case: 
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Second case: 

with: 

The re fusa l  t o  make t r ans i t i on  through a parking o r b i t  can provide con- 
s iderable  saving: thus,  i n  the  extreme case where: 

( therefore eB = 6a; wB = 270') e: 

8i = d !=--a 
- 

if a t r ans i t i on  i s  not made throu 
s i t i o n  is  made. 

I f ,  i n  addition t o  the  poss 

ing o rb i t  and au] i f  a t ran-  

ng through a low parking 
o rb i t ,  atmospheric braking (with a l i f t - d r  t i o  of zero) can be carr ied out 
it i s  s t i l l  possible t o  make subs tan t ia l  savings (the ascents of t h i s  type in-  
clude one o r  two impulses following t h  

This, f o r  example, i n  t he  case e 

s ing le  atmospheric braking). 

= 0 and aB = R, with the  order 

= K (1 + ai) 2 E cos cp i f  t r ans i t i on  made through a low parking o rb i t  (with 
cB 

o r  without use of atmospheric braking).; 

t i o n  not made through a parking o rb i t  

and i f  atmospheric braking not used. 

i f  t r ans i t i on  not made through a parking o r b i t  . 

and i f  atmospheric braking not used: 

(s 4 = 0,661 < < 1). 

We s h a l l  not fur ther  study asc 
I t  is  t rue  

of t h i s  type which s t i l l  remain t o  a 
great  extent unexplored. 
which the  t a rge t  o r b i t  does not intersect the p a r a l l e l  of the  launching si te.  

they correspond t o  worst case i n  
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11.4 Discussion 

In  a special  determined 
es t iga t ing  which is  the  o p t i  

l ea r ly  a requirement t o  be 

Hence : 

F i r s t  case: Atmospheric braking can be used and the  l i f t -d rag  r a t i o  of 
the  rocket investigated is  i n f i n i t e .  

I t  is  then possible t o  develop g 
sphere without losing ve loc i ty  and the 
t o  the bes t  among them, namely the  equ 
t o  tha t  of the  case cp = 0' ( for  which 

dually without cost  i n  the  whole atmo- 
arious launching si tes become equivale 
o r i a l  s i te .  The discussion is  reduced 
on-zero l i f t -d rag  r a t i o  is  useless) .  

Second case: t he  l i f t -drag  r a t i  f the  rocket investigated i s  zero and 
cp < i < 1809-p, 

B 
I t  i s  then possible t o  m 

o r b i t  f o r  a very s l i g h t  increa 

The optimum ascent is  of t he  fldi<ect ascent" type o r  even "ascent through 

a low intermediate parking 

5 

i n f i n i t y  then through the  atmospherelf (the l a  
braking) , 

j 

- an atmospheric 

The comparison of t he  two las Lly to :  
- - - -_ - _- ______ - 

PB < 4 R  (1 f E) the-ffw a t m "  meGGd i s  b e t t e r  than the  one "through in-  
I 
1 

f in i ty"  . 
* f - t h i s  is  the  oppos ( ARB) 

There remains t h e  comparison of 
Ifdirect  ascent". Thus, f o r  example: 

O r  i f :  A, < t h e  case of t he  Earth the  "direct  ascen 

i s  b e t t e r  than the  ascent "through inf  

Likewise, i n  t he  case of t he  Ear 

i t y  then through the  atmosphereIf. 

1 
- 11,938 -"I] 

the  "direct  ascentt1 i s  b e t t e r  than t 
AB varying from 11.938 R t o  5.04 R ) .  

cent "through in f in i ty f1  (the l i m i t  on 
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From the practical viewpoint, it said that the "direct ascent" re 
resents the customary solution for ascent into orbit, a solution 
ffering furthermore the advantass licity, convenience and speed. 

Third case: iB < cp or 

The optimization of the ascent idto orbit is in this case a str 
tion of the capability of performing atmospheric braking and of the need to 
make transition or not to an intermediate parking orbit (cf. Fig. 10 in the 
following Chapter 11.5). 

Figures 8 and 9 show the results f the discussion as a function of the 
parameters : 

AB pB .. ill and - on one hand, IdB - ill and - 
R R I 'B 

on the other hand in the case where atdospheric braking is not used, where it 
is desired to make transition 

is either open i, and with radius R = a1 = R 
or equal to 0' or l8b'. 
or %hree-nodal" (cf, Fig. 7) or I'throygh. infinity". 
optimum value of il is always cp if i 4 q ) .  

parking orbit with inclinatio 
he parameter w a The optimum adcents are the direct ( ere two-nodal) 

(Keep in mind that the 
B I  

__ In doubtful cases, c 

1 Ascent"through i n f i n i t y "  

F i g .  8. Discuss i  

1 K 
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In  doubtful cases the  comple- 
t i on  of t he  discussion i s  a 

- _....---__I-- > 

AB function of . - 

If eB = 0 ,  o r  i f  A = PB the  B 
three-nodal zone i s  with maximum 
extension. 

General comment: i f  

Fig. 9. Discussion of  t h e  Optimum Mod$ t he  optimum 
Function of '$ (= 

* b  

11.5 C0mEr-i son- x x  --1 

i -  We have seen from the  space viewpgint, t h a t  the  advantage of a launching 
i t e  was not a function of i t s  longitude and had l i t t l e  t o  do with i t s  alt i tuc 

s sen t i a l  components of t h i s  problem en concerns the  l a t i t ude  and the  one 0' 
ore launching sectors .  

obat ics  of  t he  angIed-launch varie 
are contempleted (useable i f  the  second s tage,  which i s  l i gh te r ,  is not re 
t o  the same launching sec tor  as t he  f idst  one) o r  even i f  consideration be 
given t o  quasi-ver t ical  launching (useable prof i tab ly  by bases having avai labl  
only of e i t h e r  a very small sec tor  o r  an en t i r e ly  western sec tor ) ,  t he  ad- 
vantage of a launching base is  defined by the  aggregate of inc l ina t ions  <, of 
low parking o r b i t  which are d i r e c t l y  aacessible  from the  base i n  question 

4 -  P -, except insofar  as t he  cost  of c ross i  t h e  atmosphere was concerned). The 

~~~ ~~ 

For p rac t i ca l  purposes, unless 

of course, 9 G <, G 180'-9). In t h i s  way, a base having only the  north 
uth) azimuth avai lable  is  approximately equivalent t o  a polar azimuth. 

The inc l ina t ions  <I grea ter  t h  
azimuths require  a more cos t ly  p u t t i  
(owing t o  the  ro t a t ion  of t h e  planet 
and l i t t l e  used. I t  should neverthe 
spec i f i c  missions whether t he  measu 
d i rec t ion  of movement of t h e  satel l  
winds) o r  whether use i s  made of se 
such as  those resu l t ing  from e r t u  

O o ,  corresponding t o  western launching 
o r b i t  than those f o r  which i, G 90' 
ey are therefore  less advantageous 
e noted t h a t  they can f u l f i l l  some 
sought a f t e r  i s  a function of t h e  
g. ,  measurement of upper atmospheric 

e f f ec t s  proper t o  the  t a rge t  o r b i t  
caused by equator ia l  bulge, perturb 

o r  example, t K e maintenance without c t 6f t he  node, o r  
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perigee, in a direction almost 
that a e and iB are appropr for the node, if the orbit is 

low, i 

ct to the sun on the condition 
B' B 

B 
But, outside of these ca launch azimuths and in 

is close to 100"). 

i, less o r  equal to 90' are a1 

On the other hand, two launch azimuths, symmetrical with respect to the 
st Zine,lead to the same inclination i, of low parking orbit. They on1 
, therefore, an advantage of manageability (two hours daily when launch 

ing is possible instead of one), 

Therefore, in practice, for a gixen latitude cp the best base is the one 
having available a launching sect 
quadrant or even the whole southe 
the best base is the one closest 

which encompasses the whole northeast 
d , s o  far as cp is concerned, 

i 
t 

It can therefore be conc hat the Kourou base of our 
fellowcountrymen in Guiana, at , is, from the space viewpoint 
the best or at least one of the best in the world. It has available indeed 
a launching sector of at least 140' from the azimuth of 330' (or-30') to that 
of llOo, passing through the north and 
clinations i, from 5" to 117'). 

ast (allowing directly reaching the in 

Figure 10 illustrates the import 
the launch bases. It shows the charac c velocity of ascent into orbit 
in the extreme case in which the targe is equatorial and low circular 
(altitude 130 km) as a function of the de of the "all azimuths" launchin 
base, o r ,  which amounts to almost the ing, as a function of the minimuin 
inclination il which is directly acces (if it is possib 
to launch towards the east i, mini = cp 

Of course, this importance can v 
Thus, the cost of installation on close polar orbit (AB G 5 R) is almost the 
same for all bases having a north o r  s 

One mean case is supplied by far quatorial orbits. Here, the cost of 

ng sector of 

tly depending on the target orbi 

th launching azimuths. 

installation on geostationary orbit va 
launch towards the east, direct ascent) to 12.45 km/sec (polar base, ascent 
"through infinity" and even to 12.91 km/sec (equatorial base having available 
only a launching azimuth of 270': t s the west, ascent rfthrough infinity" 

es from 11.45 km/sec (equatorial base, 

X = cp if launch can be made t rom the base selected. 
Otherwise X = i, minimum accessible e, in this case X > cp) .  

used if there is no requirement to The dotted line curves can on1 
make transition to a low intermediat 

The three upper curves re1 
braking cannot be used; t n the case where it 

1. o the case where atmospheric 

e 
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is possible. 

i tY' 

Fig. 10 

Circular Equatorial Orbiit (hs  = 130 km) as a 
Function of X.  

Cost CB (in km/sec) of  Ascent into Low 

CONCLUSION 
# 
I 

.. . ., . . . 

$ 

i 1 

...... , 

The study of the optimization of the ascent into orbit when the target 
orbit is elliptical and wholly determi ed is still very incomplete. 

The results already obtained allows nevertheless the statement that the 
advantage of a launching base is practically determined by the aggregate of 
the inclinations of low parking orbit directly accessible from the given base, 
an aggregate which is, of course, a fuaction of the latitude of the base and 
of the one o r  more launching sectors h are available. 

In the best case at hand (Gui se) these directly accessible in- 
clinations go from 5' to 1 1 7 O .  

For  these inclinations the op method of ascent into orbit is most 
often the "direct asc ket phases (one ascent into low 

4@ 
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intermediate parking o rb i t ,  then a trans 
apogee t r ans fe r ) .  

f i n i ty"  methods can 

respect t o  the  othe 
the  study has remained very i n  
make a t r ans i t i on  o r  not t o  a 
o rb i t s  are c l a s s i f i ed  i n t o  many more or{ less complicated methods. 
advantageous t o  study these cases somewhat more i n  depth, but i n  prac t ice ,  of 
course, i t  would be sought t o  avoid them when se lec t ing  the  su i t ab le  launching 

similar t o  the  customary pe r i  
Nevertheless, i f  the, t a rge t  o r b i t  i s  far o r  very eccentric,  

hich are much more unf 
much a function of t h e  

arking o r b i t .  The op 
I t  

ANNEX 
4 

Optimization of t he  values of il land i, i n  t h e  "pract ical  optimum ascent 
(Fig. 3 ) .  

e case i n  which w = 0' o r  180' 
rresponds t o  the  s t r ic t  optimu B The invest igat ion w i l l  o 

(case i n  which the  ''optimum pra  
The invest igat ion would be s imi la r ly  pqrformed i f  s i n  wB f 0. 

1. Investigation f o r  cp = 0'. 

Since the  two f i rs t  propellant p 
The 

'ed out a t  the  same place,  
e only two d i s t i n c t  pro- they can be carried out together.  

pe l lan t  phases. J I i 

The first one leads from the  1 
3 3 

ye loc i ty  V = FE (Fig. 11) i n  the a 
equator ia l  plane t o  the  perigee ve loc i t  
:of o rb i t  02: 

t h e  second one leads from t h e  apogee 
ve loc i ty  of o r b i t  02: 

+ 3 

vA, = FA,; (FA, N- K d A B  (;11"+' AB)) 
! 

' t o  the  apogee ve loc i ty  of t he  t a rge t  
o r b i t :  

Fig. 1 1  Hodographic Diagram 

, 



From the  impulse v i e 6 0  therefore  consis ts  i n  find- 
ng angle i, such t h a t  

i s  minimum. 

t h i s  case the  optimum inc l ina  

The point P1 on se distance K from F def 

i a t e  parking o r b i t  
- 

If we grant minimization of 13- I is  ident  

cal t o  t h a t  of Is,I  a problem of ordinary opt ics .  

The angles a1,a2,a3,a4 are obtaiqed i n  t h i s  way and a re  those defined on 
Figure 11. i 

i f :  

are acute 

o r  even i f :  
I 

t r a j ec to ry  
which i s  almost always the  case. The quations and inequal i t ies  (1) have one 
root and one alone and the  theore t ica  

Otherwise the  equations and ine  
roots .  In t h e  l a t te r  case, the  cent r  roo t  corresponds t o  a r e l a t i v e  maximun 
of C , hence having no i n t e r e s t .  The 
whica a re  equal i f  E = VAz ( in  t h i s  c 
Otherwise, t he  absolute minimum i s  obtained f o r  a3 > 90' i f  V 

roblem i s  completed. 

l i t i e s  (1) have e i t h e r  one o r  th ree  

o other roots  correspond t o  minimums 

3 p  E and al > 
it follows t h a t  a1 t a 

A2 

= 180'). 

90' if VA2 < E (each time there  i s  one root  and one alone).  

E < VAz corresponds t o  A, < R . .  
o r  A < 23.5 R i n  B 

t he  case of t he  Earth. 

The r e l a t i v e  minimum can corre  d t o  the  optimum i n  the  case where thc 
launch sec tor  of t h e  launching base 

Investigation f o r  cp f 0'. 
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e t h e  inc l ina t ion  corredponding t o  the  o lu te  minimum and 

i the  one corresponding t o  t h  l a t i v e  minimum. 
1m 

The optimum value of i, 

i f  s i n  i s i n  v ,  t h e  th ree  red ( th i s  comparison i s  neve 

favorable t o  18Oo-v i f  i < 18 r favorable t o  i i f  E < V ) 

t he  launching base i s  l imited,  

M 

B lm A2 

In the  case i n  which the  
the  optimum value of i, is  il 

otherwise, ilm o r  one of t he  

d i r ec t ly  accessible) or ,  

~ -~ - _ _ ~ ~  

. Marchal, C . ,  "Optimization of t he  Extra-Atmospheric Part of the  Ascending 
Trajectory in to  Orbit", P a r t  One, E i l i p t i c  and Open Orientation Case, 
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. Marchal, C . ,  "Optimum Transfers Between E l l i p t i c a l  Orbits (Open Duration)", I 
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OPTIMIZATION OF THE EX HER1 C PART OF THE ASCENDING 
t 

PART THREE - THE T YPERBOL I C (DEPARTURE 

Chr i s t i an Marchal 

ABSTRACT, When impu 1 ses are allowed, opt imal  ascents are 
always impulsional on ly .  Th optimum s o l u t i o n  i s  almost 
always o f  the  semi-d i rect  o r  d i r e c t  type. Losses due to 
t h r u s t  l i m i t a t i o n  are  modera e f o r  the  f i r s t  impulse and 
very s l i g h t  f o r  the  o ther  pulses. I n  connection w i t h  the 
problem the  k inemat ic  c h a r a c i e r i s t i c s  o f  the  Hohmann t rans-  
f e r s  i n  the  s o l a r  system are g iven and the  main advantages 
and disadvantages o f  in termediate space bases are discussed. 

INTRO UCTION ' i I 

The ascent into orbit is an essegtial phase of any space mission. 
E 

In many cases it is necessary togacquire a velocity greater than the 
escape velocity. 
attraction" of the earth, the geocentrtc target orbit is then a hyperbola. 

For example, if the target is outside of the '!sphere of 

The optimization of  the ascent into orbit includes two very different 
1 arts : 

1. Optimization of the crossing of the atmosphere. 

2 .  Optimization of the extra-atmospheric phase of the ascent into 
orbit, i F 

The first problem, and by far thk most complicated of the two, formed 
the subject of many studies (e.g., reference [l]). 
ed with aerodynamics. 

It is plainly closely link 

t 

The second problem, alone studied here, leads to similar solutions for 
necessary for an ascent into orbit). all high-thrust vehicles (those clea 

The factor opt the expenditure of  propellant, this leading to the USE 
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of solutions who 

The study leads to impul s which can be carried out in 
ith a slight loss, 

operations at the s 
flight path. 
which are slightly inclined to the horizontal. 
the case (e.g., if only western launching azimuths are available. Also, out o 
concern for the general aspect, nothing special will be assumed concerning the 
velocity of “atmospheric exitf1 considezed as initial velocity in the problem 
examined (we shall nevertheless assmetthat it is always a matter of an 

! elliptical o r  parabolic velocity). 
f 

1 1 1 . 1  Description of the The0 

Upon !!exiting from the a 
important layers, or toward 40 
moving body is propelled by a d 
How can it be made to reach, with minidum expend 
mined final hyperbolic orbit of asymptdtic veloc 
the !!sphere of attraction”) , 

This generally leads to the use of atmospheric exit velocities 
This is, however, not always 

e 

least from its aerodynamically 
ude in the case of Earth, % 

ocentric velocity Vo. 
propellant, a deter- 
(exit velocity from 

We shall aspme that: 1. The attracting p t has spherical symmetry; 
The Lnfluence of external 2. 

heavenly bodies can be disregarded. 
The velocity Vo is elliptical or p4rabolicE;- 

t 

In the case of vehicles for whicq maximurh thrust corresponds to the 
utilization of the maximum ejection vejocity (chemical rockets, nuclear rocket 
rockets with non-variable ejection velocity, etc ...) the minimum expenditure 
of propellant always corresponds to thq use of minimum characteristic velocity 

We shall therefore investigate e optimum ascents from the viewpoint of 
of all when the thrust is not limited minimum characteristic velocity, firs 

(this leads to impulse solutions) the we shall calculate the loss ,  generally 
slight, when the maximum thrust is li 

- /4 
C 

We shall disregard the case of rackets for which the maximum thrust does 
not correspond to the utilization of maximum ejection velocity (nuclear electric 
rockets with variable ejection velocity, etc ...) for these rockets generally 
supply a low thrust impossible to use f o r  an ascent into orbit. 

111.2 Symbols 
I 

In order that we might conform to the most widespread usage, we shall 
reserve the index 0 for initial (‘lor 1”) conditions, index f for final 
conditions and indices 1, 2 ,  3...for st phases and for successive inter- 
mediate orbits used. 



. x  " 

= initial absolute planetocentric velocity ("exit velocity 
from the atmosphere"). 

+ 
7 inclination of Vo t 

4 final velocity (pl 
of attraction") . 

a1 plane (Fig. 1). 

velocity from the Wsph 

= characteristic vel cal sum of all the artificial 
changes of velocity. 

= planetocentric latitude of &he direction of 

R = radius of the atmosphere (= 6370 km + 40 to 70 km in the 
case of the Earth). 

L =  = escape velocity at the level of the "atmospheric 

xit" = (11.13 km/s the Earth), 

K =  = low circular velocity (= 7.87 km/sec for 

the earth), 

U, = grazing velocity for a velo 

= trajectory sin = semi-angl of deviation for a grazing 

hyperbola (Fig. 1). 

1- . 
, 

111.3 S t u d y  o f  t h e  P r o b l e m  

For once the solution of the 
problem is simple. Let us con- 
sider it indeed from the energy 
viewpoint alone in the absolute 
planetocentric axis. It is 
necessary to go from the energx 
corresponding to the velocity Vo 
at the "atmospheric exit" to 
the one czrresponding to the 
velocity V at the exit from the 

"sphere of attraction" (or even 
to the velocity Uf at the level 

f 

. of the "atmospheric exit"). 
The economical changes of energy are made by Ehe lowest rp ssgble tangential 
thrusts. The characteristic velocit of tYe ascent is herefore at least 
(Uf - V0)' 
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I X  

euvers this characteristic 
ely obtained. j yelocity Cf = Uf - 

opein5zation of the problem at hand i 

1. A first immediate tangential impulse carries the velocity from 
Vo to L ,  The orbit O1 is therefore a quasi-parabola. 

Two very far and very small 
from quasi-parabola, 

At the perigee (grazing) I4 of the quasi-parabola 03, whose 
orientation is suitable, the '4th impulse takes place tangentially 
carrying the velocity from 

2. mpulses at I2 and I3 allow changing 

3 .  

The total characteristic velo- 
city of the ascent is therefore 

In reality, such a solution 
offers little practical advantai 

t is necessary to rem07 
very great dis- 

' 3  J4 

Fig. 2 Theoretical Optimum Ascent 

ance in order for the velocity 
n O2 to be low (thus, at the 

limits of the "sphere of attrac. 
tion" of the Earth, at approxi- 
mately r = 240 R, the circular 
velocity is still on the order ( 

500 m/s causing all the savings 
procured by the theoretical 
solution to be lost). 

This is why it is much more 
advantageous to use the semi- 
direct solution which commences 
like the theoretical solution, 
but at I2 (located practically 

at the apogee of O1 and 02) the small impulse used causes transition to the 

razing semi-parabola O2 allowing completion of the ascent with one less im- 
8 

pulse for the same total theoretical acteristic velocity Cf = Uf - Vo. 
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If p2 is the ciritric lati- 
tude of 12, it is possible, by 

appropriately selecting 
launching time and the 
ion of the plane of O2 around F 

-f 
12, to obtain any velocity Vf 

whatever whose direction is in- 
cluded b etwee et o cent ri 

The chief advantage of the semi- 
direct solution is that, if D is 
called the distance from I2 to 

e planet center, the impulse 
quired for it is on the order 

F i g .  3 Semi-Direct Ascent 

Comment I: The loss  o of I at infinity is for 2 I 
all practical purposes 

of O1 and O2 (planes oriente 

the case D = 60 R the l o s s  i 00 m/s (the duration of 
roundtrip I1 I2 Ig is in thi 

given the durations of inte 

abeing the angle of the planes 

ement). For the Earth in 

ompletely acceptable 

Comment 11: The opti ction of the atmosphere: 

For the Earth it is almost and 120 km. The loss 
owing to this compromise is on the order of 20 to 80 m/s. 

Comment 111: If the total impul e Cf = Uf - V is applied tangentially 
0 

at one time to point 11, the "direct 

clearly more gractical than the %em 
direction of V i  is imposed in this c 

of this direction, since the latitud 
time). Nevertheless, it is possible 
hand o r  the other, for a loss simila 
shown above, by using an impulse not 

48 

ttt (Fig. 4) is obtained. It is 

ct ascent" of Figure 3 .  However, the 
r at least the geocentric latitude 

e selected by means of the launching - / 6  
ain latitudes at 5 O  o r  loo on one 

those of the "semi-directtl solution 
tely tangential at I1. 



Fig. 4 Direct Ascent 
_- _ _  

Fig. 5 D,i rect Ascent-Case: 
;@e % 0; Vr, < K. .*.* I 

I -~ -~ " -  I _  

1 I I .4.2 Special Important Case: 

It is very common for 
"atmospheric exit" ve 1 o 
e: 

".:? , " 

the altitude above the "atmospheric exit", 

1. slightly inclined to the 
horizontal. 

2. less than the low circular 
velocity K. 

It is possible in this case, a 
the cost of a very slight increa 
of characteristic velocity, to 
make transition to an intermedia 
low parking orbit, thus procurin 
great advantage in controll- 
ility (the low parking orbits 

are, moreover, often systemat- 
ically uses for reasons of techn 
cal convenience, precision of 
later stages, etc ...). 

ase i be th 1 lination to the equator and hl 
he mean altitude of parking 
orbit (whose optimum shape is 
circular because of losses owing 
to atmospheric braking). The 
direct ascent (Fig. 5) with two 
propelled phases, one immediate 
for the putting into parking 
orbit 01, the other at I2 for th 

acquisition of hyperbolic veloci 

has for characteristic velo- 
-f 

vf' 
city : 

,e 

.e 
r 

- 

Y 

h;d re K -. 
R2 

in the case of the Earth, 
(strictly speaking, since K and 
R have the values defined in the 
symbols (111, 2 ) ,  hl should be 
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This ect ascent11 a1 lahnchiig x /  

ime and the position of 12., 
atitudes +il and -il. 

tion included between the 
- -  

Gomen€: For parking o ceeding several days, 

hl is, in th almost always inclu 
ween 100 and lull. 

Fig. 6 Semi-Direct Ascent-Case: 
@o 90; v, < K. 

For higher latitudes the "semi- 
direct ascent" (Fig. 6) similar 
to that of Figure 3 costs for 
practical purposes: 

a sin - 
2 

D being the distance F I 3  and 

a the angle of the planes (orien 
ed) of orbits O 2  and O 3 P - 5 a < 9 O  

can always be selected). 

!$(*d) only provides 

36 m/s [t&m] in the case of 

e Earth. This "semi-direct 
ent" allows reaching all the 
latitudes such as: 

i a, -tl - 900 < 'pf < 900 + il , 

Comment I: As in the case of 
Figure 3, the optimum altitude 
of I4 (above the ground) is in- 

cluded between 80 and 120 km for ordin 
sphere (whence a supplementary l o s s  of 

y vehicles and the terrestrial atmo- 
0 to 80 m/s to be added into Cf). 

Comment 11: For latitudes not mych greater than ily it is not necessary 

to use the "semi-direct ascent". The se of a "direct ascent" which is not 
completely flat (Fig. 7) allows reachi g latitudes k (il + Si,) for an increas 
of characteristic velocity of: 

50 
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Or some hundreds of m/s for 6i "= 5' in the-ordgary terrestrial cases. 

- (Fig. 2 and 3) : 

111.5 Losses Owing to Limita- 
tions of  Thrust 

-2 These losses have bee 
lated in [2]. They are 
simple in first approximation 
(assuming, of course, that the 
thrust trajectories are optimall: 
arranged). 

1. Case of the immediate and 
non-horizontal thrust 

Fig. 7 Direct Ascent-Quasi-Flat Case SCf 2: 

g designating the acceleration 
and y the mean acceleration of thrust quring the propelled trajectory (y being 
assumed only slightly variable). 

e level of "atmospheric exit" 

Comment: This expression of6Cf allows a relative error less than 

In the case of Figure 4, 8 C becomes: 
f 

2. Case of horizontal o r  non-immediate thrusts. 

I 

The loss  is much less in this case. For practical purp es if t is 
called the duration of the propelled trajectory and T that of the circula 

revolution at the impulse altitude, the! relative loss  does not exceed 

for close impulses and 

I 11.6 Comparison o f  Various Launching Bases 

Since the characteristic velocity of ascent into orbit is always approxi 
ately equal to (Uf - Vo), the comparison of the various bases is reduced to 

that of the magnitude of the velocitiei Vo that can be produced for this pur- 

advantages. The differences, nevert s are much less than in [3]. They 
ose for a given rocket. This time the equatorial bases have the most 
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a re  reduced t e t '  (or 465 m / s  
polar base and an equator ia l  t e r r e s t r i a l  base). 
oriented towards the  East and ed t o  the  horizontal .  

The best  "exits" are the  ones 

Interplanetary Missions i 

able,  on the  follow s, f o r  purposes of doc 
ha rac t e r i s t i c s  of c ann trasfers'' (Fig. 8) 

Earth toward planets  of t he  s o l a r  system. (The planetary o r b i t s  are considere 
as being c i r cu la r  and coplanar, The thickness of the  atmospheres i s  disregard 
ed and t h e  t r ans fe r  o r b i t s  a r e  e l l i p s e s  bi tangent ia l  t o  the  planetary o r b i t s ) .  

Comment I :  When atmospheric 
braking i s  used upon a r r i v a l  a t  
t he  t a rge t  planet ,  Uf Earth 

Earth designates the  character "E 

i s t i c  ve loc i ty  of a journey out 
quator ia l  departure) and Uf 

I -. 
< I  

Planet -EPlanet t ha t  f o r  a r e tu r  
t r i p .  The sum UfT + U f p  - ET - 

3 and 6) even i n  t h e  case where 

! 
F i g .  8 Hohmann Trans fers  t r a n s i t i o n  i s  made t o  an equator 

-t a1 parking o r b i t  ( i  = 0 ) .  Inde 
the  d i rec t ion  of t a rge t  exit V is  app oximately i n  t h e  plane of  'tile e c l i p t i c  

there  i s ,  therefore ,  i n  t h e  case of Earth a l a t i t u d e  (Pf included between -24' 

f 

designates the  cha rac t e r i s t i c  

l e  departure without 
y of a round t r i p  (or t ha t  

atmospheric braking). 

f Comment 11: The a angles a re  

s u f f i c i e n t l y  small f o r  it t o  be 
almost always possible t o  u t i l i z e  
the  "semi-direct ascents" (Figs. j 

Comment 111: Being given, for the  planets  from Mercury t o  Jupi te r ,  t he  
s l i g h t  difference i n  ve loc i t i e s  of equatorial  and t ropica l  ro ta t ion  ( less  than 
40 m/s) and the  advantages gained through the  s implici ty  of t he  "direct  ascent 
(Fig. 5) it i s  probable t h a t  t h i s  l a t t e r  one w i l l  be preferred i n  actual  
r ac t i ce  (with u t i l i z a t i o n  of incl inat lons il equal o r  s l i g h t l y  g ra t e r  than 
cp I, unless the  danger presented by at ion b e l t s  obliges the  se lec t ion  of 'i, 

large values of i l ) .  
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The Velocities sho ec to Approximately 0.1 
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t t t .8 U t i  1 l z a t io  

The u t i l i z a t i o n  of large 4 ases i n  o r b i t  around the  p lane ts  
of fe rs  a spec i f i c  
t i o n  rockets:  some f o r  planet-  , having a spec ia l ly  ddsigned 
aerofo i l ;  o thers  from base t o  base, eq 
voyages of long 
of atmospheric braking during a r r i v a l  i n  t he  proximity of a planet  (thus allow. 
ing t r ans i t i on  t o  be made p rac t i ca l ly  wfthout cost  from the  descent hyperbola 
t o  the  o r b i t  of t h e  base i f  the  l a t te r  i s  near t h e  atmosphere and i f  i t s  plane 

g spec ia l iza t ion  of t rmspor t a -  

gh the  atmosphere f o r  

s near the  d i rec t ion  of a r r i v a l ) .  

Take note t h a t ,  from the  viewpoint of cha rac t e r i s t i c  veloci ty ,  the  rockei 
performing the  short  planet-base .journey w i l l  require ,  by far, the  grea tes t  
expenditure (hence the  great  advantage of research involving recoverable stager 
hypersonic g l ider ,  etc..  ,). On t h e  othbr hand, departing from a non-secant 
o r b i t  with the  a t t r ac t ing  planet ,  t h e  rockets carrying out t he  interplanetary 
par t  o f  the voyage w i l l  be able  t o  conveniently use the  low-thrust motors 
(nuclear-electric,  etc. .  .) i f  d t o  be more economical. 

4 

‘ 1  (required - _  s u p p l e m e n t  o f  cha rac t e r i s t i c  veloci ty)’  I 

1 .  

. .  
I _  

t 
.- 

es owi g t o  U t i l i z  
Orbit Whose Radius is r .  

54 
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he s i t i o n  of base o possible taking in to  
account t he  atmosphere; f o r  t oximately 600 km of 

nduring a service 1 
ow the  rad ia t ion  be i t e  su i tab le .  

der of 50 years and located s u f f i -  

has been p lo t ted  o 
egarding the  thickn 

function of radius r o 
here),  those losses  of 

i s t i c  ve loc i ty  owing t o  the  establishment of t h i s  base on a far o r b i t .  

Comment I: The descending f l i g h t  paths (space + b a s e  and base-planet), 
f l i g h t  paths both providing the  same 1 s, are assumed t o  u t i l i z e  atmospheric 
brakings. This allows, furthermore, t convenient carrying-out of important 
changes of orbi t ing plane a t  no cos t ,  en f o r  low aerodynamic l i f t -d rag  r a t i o  

h t  path shows not a loss but a gain.  
I t  i s ,  nevertheless,  insuf f ic ien t  t o  ensate f o r  t he  other losses  (except 

Comment 11: The base + space f l  

f o r  when 

it requires) .  

r qui te  large,  a case with few advantages owing t o  delays 

Comment 111: The planet -+ base &d base -+ planet f l i g h t  paths have been 
optimized i n  the  manner shown i n  121. 

Comment IV: The case of a base + space 8sc of the "direct  ascent" 
5 and 7) and not the  "semi-direct as : I r  (Fig; 6 )  was not shown 

and is never mor because it i s  a function of t he  value and the  d i rec t ion  of V 

favorable than the  "semi-direct asceQt"(from tk;e viewpoint of cha rac t e r i s t i c  
f 

veloci ty) .  i 

111.5 Util izat ion o f  Intermediate Basas on Natural S a t e l l i t e s  

The u t i l i z a t i o n  of intermediat a tu ra l  s a t e l l i t e s  offers  i m -  
portant physical advantages: su i tab  otect ion,  i n  subterranean she l t e r s ,  
agains meteorites and radiat ions,  l o  
e t c . . .  These advantages should be c 
Figure 9 f o r  p la in ly  r is  required i 

n on the  spot of some raw materials,  
ed t o  the  losses which can be read on 

There is  thus found a loss  of y 1 km/sec f o r  s a t e l l i t e s  of 
Mars, i n  the  Mars-Space d i rec t ion  as well as i n  the  Space-Mars d i rec t ion  ( in  

ddition, s ince these satell i tes are close t o  t h e  plane of the  Martian equator 
herefore a t  approximately 25' from t h e  plane of the  Mars o r b i t ,  maneuvers of 
he "semi-direct ascent" type a re  requ ed i n  the  Mars-Space d i rec t ion) .  

3 

A s  far  as our heavy s a t e l l i t e  th; Moon is  concerned, t h e  loss i s  much 
higher. 
escape ve loc i ty  i s  2.4 km/sec). Thus 
bases w i l l  only be u t i l i z e d  whenever 
s iderable  colonization. 

I t  i s  close t o  5 km/sec i n  a d i rec t ion  as i n  the  other (the lunar 
i s  probable t h a t  lunar intermediate 
Moon forms the  subject  o f  a con- 
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CONCLUSlON 

The study of the optimiz 
ascent into orbit when the ta 
planetpy mission) is a relati 
ing at the most four propelled 

ra-atmospheric phase of the 
erbolic (departure for 4n i 
lem leading to solution 

The "direct exit" with ses and a low intermediate park- 
ing orbit generally forms the most practical economic solution, 

The cost of ascents into orbit i 

The utilization of intermediate 

almost independent of the orientation. 

pace bases in orbit around planets is 

he utilization of bases on natural s tes leads to considerable losses. 
very advantageous, especially if these bases are close. On the other hand, 
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